In this paper, we generalize the dual Brunn-Minkowski inequality and monotonicity of intersection bodies to L p intersection bodies.
Introduction
Let L ⊂ R n be a star body, that is, a compact set which is star-shaped with respect to the origin and has a continuous radial function, ρ(L, u) = ρ L (u) = max{λ 0: λu ∈ L}, u ∈ S n−1 . The intersection body, I L, of L is the star body whose radial function in the direction u ∈ S n−1 is equal to the (n − 1)-dimensional volume of the section of L by u ⊥ , the hyperplane orthogonal to u. So, for u ∈ S n−1 ,
where vol denotes (n − 1)-dimensional volume. The notion of an intersection body has been shown to be fundamentally connected to the Busemann-Petty problem (first posed in [2] ), which asks if two centrally-symmetric convex bodies K and L in R n satisfying
for all u ∈ S n−1 . Does it follow that
V (K) V (L)?
The answer is affirmative if n 4 and negative if n 5. The solution appeared as the result of a sequence of papers [1] [2] [3] [6] [7] [8] 12, 16, 21, 25] (see [25] for historical details). In [17] , Lutwak proved that the Busemann-Petty problem has a positive answer if K is an intersection body in R n : Theorem A. Let K be an intersection body and L be a star body in R n . If
with equality if and only if K = L.
The Funk section theorem [5, 9] shows that the operator I is injective when restricted to centered star bodies, that is, if K and L are centered star bodies, then
In [20] , Lv and Leng established an extension of the Funk section theorem as follows:
Theorem B. Let K be a centered star body and L be a star body in R n . If
with equality if and only if K = L.
Note that the Funk section theorem is an immediate consequence: If K and L are both centered, and
Let K, L be star bodies in R n and K+ L the radial addition of K and L. In [24] , Zhao and Leng established the following dual Brunn-Minkowski inequality for intersection body:
with equality if and only if K is a dilatate of L.
Suppose that C is a compact set in R n with V (C) > 0. In [10] , Gardner and Giannopoulos defined the polar pth centroid body
for u ∈ S n−1 and nonzero p > −1. Here we rewrite it using different sign and without the coefficient:
Definition. Let L be a star body and nonzero p < 1. The L p intersection body of L, I p L, is the symmetric star body, whose radial function is defined by
that is, the intersection body of L is obtained as a limit of L p intersection bodies of L.
Recently, Haberl and Ludwig [14] also defined the L p intersection body for convex polytopes in R n that contain the origin in their interior and established a characterization of it.
Up to multiplication with a suitable power of the volume of L, the L p intersection body of L is just the polar L q centroid body of L where q = −p. For q > 1, L q centroid bodies were introduced by Lutwak and Zhang [18] . They led to important affine isoperimetric inequalities (see [4, 13, 18, 19, 23] ). Yaskin and Yaskina [22] introduced polar L q centroid body for −1 < q < 1 and solved the corresponding Busemann-Petty problem.
In this paper, we generalize above three theorems from intersection bodies to L p intersection bodies. Our main results can be stated as follows:
In both cases with equality if and only if
Theorem 2. Let K be a centered star body and L be a star body in R n . If
(1.6)
If p < 0, then the inequality (1.6) is reversed. In both cases with equality if and only if K is a dilatate of L.
Remark 1. By (1.5), let p → 1− in Theorems 1-3, then we get Theorems A-C.
Notation and preliminaries
As usual, S n−1 denotes the unit sphere, B n the unit ball in Euclidean n-space R n . The set of real-valued, continuous functions on S n−1 will be denoted by C(S n−1 ). The subset of C(S n−1 ) that contains the even functions will be denoted by C e (S n−1 ). The subset of C e (S n−1 ) that contains the nonnegative functions shall be denoted by C + e (S n−1 ). If f, g ∈ C(S n−1 ), then we define f, g by
We shall use | · | 2 to denote the norm on C(S n−1 ) induced by this inner product; i.e., for f ∈ C(S n−1 ), |f | 2 = √ f, f . For a given function f ∈ C(S n−1 ) and p > −1, we shall use C p f to denote the p-cosine transform [13] of f on S n−1 , defined by
for u ∈ S n−1 , where dv is the surface area element of S n−1 . It is well known that the linear transformation
From the definition of L p intersection body and p-cosine transform we have ρ
We shall use I p to denote the set of L p intersection bodies of star bodies. Let S n denote the set of star bodies in R n . The subset of S n that contains the centered star bodies shall be denoted by S n c . Two star bodies K, L ∈ S n are said to be dilatate (of each other) if
, where K appears n − p times and L appears p times. A slight extension of the notation
It is obvious that for K ∈ S n ,
The dual Minkowski inequalities state [13] 
In both cases with equality if and only if K is a dilatate of L.
Let K, L ∈ S n and λ, μ 0, p = 0, the p-radial addition λ · K+ p μ · L is a star body whose radial function is given by
We shall need the following p-dual Brunn-Minkowski inequality [11] : If K, L ∈ S n and 0 < p n, then
The reverse inequality holds when p > n or when p < 0. Equality holds when p = n if and only if K is a dilatate of L. For K ∈ S n , we define ∇ p K by
An immediate consequence of the p-dual Brunn-Minkowski inequality is that
with equality if and only if K is centered.
From the definition of p-radial addition (2.10) and the integral representation of dual mixed volumes (2.6), we have if K, L, M ∈ S n , and λ, μ 0, then
(2.14)
From (2.12) and (2.14), it follows that for K ∈ S n and C ∈ S n c ,
Inequalities for L p intersection bodies
We consider the following L p Busemann-Petty problem: Consider two origin symmetric star bodies K and L in R n . Fix p < 1 and suppose that
Does it follow that
and
By (1.5), when p → 1−, condition (3.1) is equivalent to (1.2), so the answer is affirmative if n 4 and negative if n 5. In this section, we first prove that the L p Busemann-Petty problem has an affirmative answer if K is a L p intersection body.
In both cases with equality if and only if K = L.
To prove Theorem 3.1, we first introduce the following lemma:
Proof. From the integral representation (2.6), definition (1.4), Fubini's theorem, it follows that
Proof of Theorem 3.1. Since K ∈ I p , there exists a star body M, such that K = I p M. From (2.6), (3.2) and notice that 0 < p < 1, it follows that
If we use Lemma 3.2, we can rewrite the last inequality as
and since K = I p M, we can use (2.7) to conclude that
By the dual Minkowski inequality (2.8), we obtain
with equality if and only if K is a dilatate of L.
In the same way, we can get the reverse inequality for p < 0. 2 A nature question to ask about Theorem 3.1 is whether the class I p can be replaced by a larger subset of S n . The following result shows that any such larger subset would have to be a subset of S n c .
Theorem 3.3.
If K ∈ S n is a star body which is not centered and 0 < p < 1, then there exists a centered star body L, such that
Proof. By using the polar coordinate formula for volume, it is trivial to verify from (1.5) and (2.10), that for K, L ∈ S n , and λ, μ 0, one has
If K ∈ S n , then from the definition of ∇ p K and (3.5), it follows immediately that
Since K is not centered and 0 < p < 1, we know from (2.13) that
This completes the proof. 2
The following theorem shows that the operator I p is injective when restricted to centered star bodies. 
In both cases with equality if and only if K = L.
To prove Theorem 3.4, we first introduce the following lemma which characterizes the equality of L p intersection bodies in terms of dual mixed volumes. Lemma 3.5. If K, L ∈ S n and p < 1, then
if and only if
for all M ∈ S n c .
Proof. From (2.15) and (3.6), we see that we may assume that K, L ∈ S n c . Suppose that for all M ∈ S n c , (3.7b) holds. Let f ∈ C + e (S n−1 ), and define M ∈ S n c by ρ 
